Abstract Analytical solutions of the Schrodinger equation are obtained for some diatomic molecular potentials with any angular momentum. The energy eigenvalues and wave functions are calculated exactly. The asymptotic form of the equation is also considered. Algebraic method is used in the calculations.
(MSE) [11] , exact quantization rule (EQR) [12] , perturbative formalism [13] [14] [15] , polynomial solution [16, 17] , wave function ansatz method [18, 19] , group theory [20, 21] and path integral [22] [23] [24] [25] 
to solve the radial Schrödinger equation exactly
In this work we find analytical solutions of SE for a class of diatomic potentials with any angular momentum. For these potentials SE can be transformed into a second order differential equation of a certain parametric form. We use algebraic method for the possible solutions. We apply our formulation to several important diatomic potentials and obtain the energy eigenvalues and the corresponding eigenfunctions. These diatomic potentials include: Generalized Morse Potential [26] [27] [28] , Mie potential [29] [30] [31] [32] [33] [34] [35] [36] , Kratzer-Fues Potential [37, 38] , Coulomb Potential, Pseudoharmonic potential [39, 40] , Noncentral potential [41] [42] [43] [44] [45] [46] [47] , Deformed Rosen-Morse Potential [48] [49] [50] [51] [52] [53] , Generalized Woods-Saxon potential [54] [55] [56] [57] [58] [59] [60] , Pöschl-Teller potential [61] [62] [63] [64] [65] [66] .
This paper is organized as follows. In Sect. 2 the formulation is introduced. In Sect. 3, Solution of some potentials are presented. Finally, concluding remarks are given in Sect. 4.
Formulation of the approach
For many potentials the SE can be transformed into the following second order parametric differential equation.
where c i and i are some constants. First we look at the asymptotic form of this equation when s becomes very large. We found that depending on the constant c 3 there are two possibilities. When c 3 is a nonzero constant the last term vanishes faster than the others and it is neglected in the asymptotic equation. If c 3 is zero the last term will be present in the asymptotic form. Let us start with a nonzero c 3 . In this case an asymptotic analysis of Eq. (1) suggests to consider solution of the following form
where p and q are some arbitrary constants and y is a new function to be determined. When we insert this into Eq. (1) we obtain the following differential equation for y
where
(1 + c 3 s) s
It is convenient to define a new variable z = 1 + 2c 3 s and write Eq. (3) in terms of this variable. Under this transformation we obtain
The coefficients of the polynomial R are defined as
In the "Appendix" we simplify Eq. (4a) by arguing that the coefficients of the polynomial R must satisfy r 2 = 0 and r 1 = −r 3 . In the definitions of these parameters there are two arbitrary constants p and q. So with proper choices of these constants one can satisfy these conditions. Let us do this. We start with the condition r 1 + r 2 + r 3 = 0 and calculate this sum using Eq. (5). We find the following quadratic equation
and its roots are
This fixes the arbitrary constant q in terms of the parameters of the equation. Similarly the condition that r 2 must vanish leads to a quadratic equation for p which can be written as
and the roots are
This gives the second arbitrary constant p in the wave function. Inserting r 1 = −r 3 in Eq. (4a) we get R(z) = r 3 (1 − z 2 ) and thus Eq. (4a) becomes
In the "Appendix", we use the polynomial method for the solution of this differential equation and we find that for an acceptable solution r 3 must satisfy the condition r 3 = n(n + α + β + 1) where n is a positive integer. When we insert this into Eq. (10) it becomes the well known Jacobi's differential equation (12) and its solution are the Jacobi polynomials P α,β n (z). Thus the wave functions are determined in terms of these polynomials. The condition on r 3 is obviously a quantization condition. First using Eq. (5c) we express r 3 in terms of the determined parameters. For this, we solve Eq. (6) for 3 in terms of q 0 and c 1 then we use Eqs. (8), (10) and obtain 2 in terms of p 0 , D, 1 and 3 . When we insert these into Eq. (5c) the relation r 3 = n(n + α + β + 1) takes the following form
where α and β are also expressed in terms of q 0 and p 0 by means of Eq. (4b). This equation gives the energy levels in our formulation. The second alternative was to have c 3 = 0 in Eq. (1). For these problems Eq. (1) becomes
An asymptotic analysis of this equation suggests a solution of the following form
where p 1 and q 1 are some arbitrary constants and y 1 is a function of s. Here we have again taken s q 1 y 1 instead of y 1 . Thus an expansion of y 1 will start with a constant term. When we insert Eqs. (15) into (14) we get the following differential equation
As before we define a new variable z = (2 p 1 − c 2 )s and write Eq. (16) in terms of this new variable. We obtain
Here γ 1 ,γ 2 and γ 3 are defined by the coefficients of z 2 , z 1 and z 0 respectively. When we consider Eq. (18) at z = 0 we conclude that γ 3 must be zero. Remember that y 1 is not zero at the origin. Using the definition of γ 3 we get the following equation
We choose the root
as the arbitrary constant q 1 in Eq. (15). In the "Appendix", we discuss the polynomial method for the solutions of Eq. (18) . We show that acceptable solutions can be obtained if we chose γ 1 = 0 and γ 2 = n where n is a positive integer. The condition γ 1 = 0 gives a quadratic equation
and we take
as the second constant p 1 in Eq. (15) . The condition γ 2 = n leads to the following equation
insert the values of the parameters γ i into Eq. (18) we get
This is the well known Laguerre's associated differential equation its solutions are the associated Laguerre polynomials L k n (z). Thus the wave function can be written down using Eq. (1) as
In the following section we apply these results for several examples.
Applications
(A) c 3 = 0 cases.
Case 1: Generalized Morse Potential
We take the Generalized Morse Potential [26] [27] [28] as
and define s = √ V 1 exp(−ax) to transform the SE to the following form
Using Eqs. (1), (18), (20) , and (22) we calculate the parameters as
Thus the energy spectrum calculated from Eq. (24) is
and the corresponding wave functions are
Case 2: Mie Potential
The Mie potential is given by [29] [30] [31] [32] [33] [34] [35] [36] 
Using the notation s = r one can write the radial SE as
Comparing Eqs. (34) and (1) we find c 1 = 2, c 2 = 0, c 3 = 0 and using these with Eqs. (17) and (23) we determine q 10 and p 10 as
When we insert these into Eq. (24) we get the following energy eigenvalues
or writing 1 explicitly we get
The corresponding wave functions can be written down from Eq. (26) as
where .
The parameters are obtained by using Eqs. (1), (18), (21), and (23) as follows c 1 = 2, c 2 = 0, c 3 = 0,
Using these in Eq. (24) we get the energy spectrum
Equation (26) gives the following formula for the wave functions
where k = 2 + √ 1 + 4 3 and ν = 2iεs
Case 4: Coulomb Potential
We take V (r ) = −e 2 /r for this potential and write the radial part of the SE as
The following parameters are obtained by using Eqs. (1), (18), (21), and (23)
and
Hence we can write the energy eigenvalues and the wave functions as
where C is a constant, ρ = ( 2mw/h 2 )r , and n 0 is the principal quantum number n 0 = n − − 1
Case 5: Pseudoharmonic Potential
Pseudoharmonic potential [39, 40] is given by
and using s = r 2 the radial part of the SE takes the form
From Eqs. (1), (21), (23) , and (26) we obtain
Thus the energy levels and the corresponding wave functions are (56) where
Case 6: The Noncentral Potential
The noncetral potential [41] [42] [43] [44] [45] [46] [47] is given as
The radial part of the SE takes the following form
where λ is a constant. When we define a variable s as s = r this equation becomes
We use Eqs. (1), (18), (21), (23), and (26) and obtain
The energy eigenvalues are
And the corresponding wave functions are
(B) nonzero c 3 cases.
Case 7: Deformed Rosen-Morse Potential
The Deformed Rosen-Morse Potential [48] [49] [50] [51] [52] [53] has the following form
The SE becomes
Using Eqs. (1), (4b), (2), (7), and (9) we obtain the following parameters
Let us define x = ( p 0 − q 0 ) and insert the values of c i into Eq. (13) it becomes x 2 − 2nx + n 2 − ε = 0. We use the solution x = n + √ ε and write p 0
Solving this equation for ε we obtain
and for the corresponding wave functions are
Case 8: Woods-Saxon Potential The Generalized Woods-Saxon potential [54] [55] [56] [57] [58] [59] [60] is
and defining s = 1/[1 + exp(ax)] the SE can be written as
Thus the parameters of Eq. (1) are c 1 = 1, c 2 = −2, c 3 = −1. We calculate q 0 , p 0 by means of Eqs. (7) and (9) and find
where we ε is used instead of 3 . The energy levels are obtained with Eq. (13) as
The solution of this quadratic equation gives
where we have used γ instead of 1 . Solving Eq. (40) for ε we find
The corresponding wave functions can be written from Eqs. (2) and (4b) as
Case 9: The Pöschl-Teller Potential
The Pöschl-Teller potential [61] [62] [63] [64] [65] [66] is given by
and the SE takes the form
h 2 E By using Eqs.(1), (4b), (2), (7) , and (9) we find
We write Eq. (13) as x 2 − 2x + n 2 − ε 2 = 0 where x = p 0 − q 0 . Choose the root x = n + ε and replace this in the definition as
Thus we get the following energy values and the wave functions
Conclusions
We can conclude by saying that, for several physical potentials the Schrödinger can be transformed into a second order differential equation of a certain form. We have shown that differential equations of that form can be solved analytically. Starting from the parametric form of the differential equation we have developed a formulation for the possible physically acceptable solutions. To show that the present method is an efficient and practical method we have applied it to several potentials.
[−n(n − 1) − (α + β + 2)n + r 3 ]a n . Since the coefficient of z n must vanish and a n is not zero we obtain r 3 = n(n + α + β + 1 From this we obtain γ 1 = 0 and γ 2 = n. These values are used in the text.
